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Nomenclature
Xi, Yi, 2; coordinates of the offset points
of tether j in satellite i, m R )
aij [ Lyeg, bij [ Lyets Cij/ Lrer, and |bj; | or |bg; 41y 1
when b= b+l j=1,2

aij, bij, cij

aj, bij, ¢ij, b =

C = EA/(m,L.Q?%), where E A is tether modulus
of rigidity, N

e = orbital eccentricity

Jis & = satellite mass and moment of inertia ratios,
my/mi g, L /L 41y

K1, Ki» = (i — L)/ Li, (Iq — L)/ 1i; K1 =K,
K> =Kip;when K1 =K 111, Kjp =K+ 132,
j=12

L; = distance between satellite mass centers S;
and S;;;, m

Ljo, Lyt = unstretched jth tether length, m, and reference
length, (I,;/m»)"/?, m

L%, L'jf0 = initial and final unstretched jth tether length
during deployment/retrieval, m

Lto, LfO = Lj(), L?O’ j = 1, 2, when LkO = L(k+ 10>
Lig=L{ ;10 k=12,m

lj’le = Lj/Lrefs LjO/Lref

m;, I = mass, kg, and principal moment of inertia of

R satellite i about k; axis, k =x, y, z, kgm2

op = Q,/ (my Lt Q%), where Q, is the generalized
force corresponding to generalized
coordinate g

Tij = radial jth tether offset S; E; at satellite i
from its mass center S; (Fig. 1), m

fija;b = rij/L,efzandfjj 0r;(j+l)j whenfjjzf(jH)j,
ji=1

0,6 = true anomaly and 6 when jth tether
deployment/retrieval starts, deg

T; = orbits for the completion of deployment/

retrieval of jth tether; 7; =7 if
=T+, k=12
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Xi = relative pitch attitude angle of the satellite i
with respect to in-plane swing angle 8;;
a—p,i=1,23;j=1ifi=1,2; j=2
if i =3, deg

Q = mean orbital rate

Subscripts

max = absolute maximum amplitude

0 = atf=0

Superscripts

= atequilibrium
N = d(-)/df and d(-)/dA>, respectively

Introduction

HE application of tethers' =% represents one of the important

concepts necessary to achieve satellite formation flying with
minimum stationkeeping requirements. DeCou,' Tragesser,> and
Williams and Moore* have studied the dynamics of a rotating tri-
angular formation of three-body tethered satellite systems (TSS).
Quadrelli* described a general simulation model to predict the dy-
namics and control performance of formations of a two-body TSS
in a heliocentric or low Earth orbit. Bombardelli et al.” analyzed the
pointing dynamics of a three-body-on-line tethered interferometer
orbiting an Earth-trailing, heliocentric orbit. In the present investi-
gation, we consider finite end masses instead of point end masses,
along with the tether deployment/retrieval, for a rotating linear array
TSS in an Earth-centered elliptic orbit. The major contributions are
the derivation of tether deployment and retrieval criteria to guaran-
tee the steady-spin motion of the TSS, the analysis of the effects of
tether length/offset and tether flexibility on the TSS response, and
the synthesis of tether offset and tension control laws to achieve
desired tether deployment/retrieval.

Proposed System Model and Equations of Motion

The system model comprises two or three satellites connected by
flexible tethers at a point on each satellite with offsets (Fig. 1). The
tethers, considered to be made of light material, are assumed to have
negligible mass. Their damping effects and transverse vibrations are
ignored. Because of the relatively short tether length, the tether dy-
namics is assumed to have no effect on the orbital dynamics. The
nodal line represents the reference line in orbit for the measure-
ment of the true anomaly. The coordinate frame X,Y,Z, passing
through the system center of mass S is the orbital reference frame.
Here, the X, axis is normal to the orbital plane, the Y axis points
along the local vertical, and the Z, axis represents the third axis
of this right-handed frame. The orientation of the satellite i, i =1,
2, 3, is specified by a set of three successive rotations: ¢; (pitch)
about the X axis, ¢; (roll) about the Z;, axis, and, finally, y; (yaw)
about the Y}, axis. The corresponding principal body-fixed coordi-
nate frame is denoted by S; — X;Y;Z;. Similarly, for the variable
length L; joining the two satellite mass centers S; and S; 1, the an-
gle B; denotes rotation about the axis normal to the orbital plane and
is referred to as the in-plane swing angle, whereas the angle n; rep-
resents its out-of-plane swing angle. The resulting coordinate frame
associated with L; is S;; — X1;Y.; Z,;. The governing Lagrangian
equations of motion® after considerable algebraic manipulation and
nondimensionalization are carried out are written corresponding to
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Fig. 1 Geometry of the system model: a) system configuration and b) orientation of the satellite i and tether i with respect to orbital reference frame.

generalized coordinates g = (o, ¢;, ¥;, Li, Bi, ni,i =1,2)T in ma-
trix notations as

M(q.0,e.K\.K2)q" +F(q.q'.0.e,.Ki,K») =0, (1)
where M(q, 0, e, K, K,) is the mass matrix and F(q,q’, 0, e,
K, K») is the vector containing all of the nonlinear terms, including

the Coriolis and centrifugal contributions.® The details of the gov-
erning equations of motion are omitted for brevity.

Tether Deployment/Retrieval

We consider the tether deployment/retrieval scheme as follows:
Lio = Lo + (I — ) sinl(® — 0;0) /41;]

it 0<(—06j) <271, ji=1273

fo = [t~ 150 /4] cost0 — 0

it 0<(0—06;) <271, ji=1273

Lo=1ly, if 277, < (0 -6, =123

ly=0 if 277, < (66, i=1,23

By application of the preceding deployment/retrieval scheme (2),
the final commanded tether length deployment/retrieval rate reaches
zero, and, thus, the problems of sudden excitation of system re-
sponse caused at the end of deployment/retrieval can be avoided.
To derive the criteria for tether deployment and retrieval to
guarantee the steady-spin motion of the TSS, we first analyze
the equilibrium conditions, and, thereupon, the TSS spin rate
is studied.

TSS Equilibrium Conditions

We assume that the TSS is in an arbitrary instantaneous
equilibrium configuration and rotating in an orbital plane given
by, for example, e =0, a; =B, ¢; =y, =0, i=1,2,3; B; =8.,
B;=B,.=8B.. nj=n;=n,,=0; j=1,2. On substitution of the
instantaneous equilibrium configurations into Egs. (1), as well as al-
gebraic manipulations and simplification, we obtain the tether strain
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¢j. and equilibrium distance [}, as, for a three-body TSS,

D3 c D3
ei=p dy + —djy | — — paliy| dSy + —d;,
j 4{( Jjo i ko) e 40| 4jo P k0

P3 D3 C C
+ 2 (do + 2 — —palsy ) = = pal
Pj ( 7 "’)} }/ |:<p,- ,,4 "’°> (Pk m “’)

2
p e e
- d'odkopi]v

: j=12
PjPk

15=15(1+¢5) = bjj + b 1))
where

k=2 if j=lk=1 if j=2, djy=L—bj+bgn,

j=12 3

_ Sill+ fi/f2) =(f1/f2)(1+f1)
n L+ fi+ fi/f’ b2 L+ fi+ fi/fa
_ Silfi/ )@+ fi+ fi/f2)

P3 pa=(1+B)> = 1+3cos’ B,

A+ fi+ fi/f)? ’
For a two-body TSS,

B P4[lfo—1;|1+521] e_C(1+1/f1)[lfo—l;n+l;2|]
S Ca+f)=padit T CAH1/f) = palfy

e
€

For the stable motion of the system, all tethers must remain taut,
and, thus, we have the following conditions using Eqgs. (3) and (4)
for the three-body TSS:

P ) diy + (Ps/Pk)df0:|

C > piliyp 1—|—(— - -
Ko 5|: pPj d_/o+(p3/pj)dko

j=12 if j=1k=2 if j=2k=1 (5
For the two-body TSS,
C >[5/ +1/H)]ps ©)
where ps = (1+ B.)* +2.

TSS Spin Rate

We consider the TSS to be in an orbit of mean angular velocity
 and all of the satellites to be in the orbital plane with the initial
conditions of TSS spin rate 8. All satellites are aligned along the
local vertical. By application of the tether deployment/retrieval, the
tether length [}, is changed to l_{o, j=1,2, and the TSS steady-
spin rate changes to ﬁ}.‘ Here, by the steady-spin motion we mean
that the system spins with a constant average spin rate. Under the
assumption that l‘;o > a;j, bij, Cij, the system initial and final angular
momentums can be expressed approximately as

Ho ~ mR*Q + m [0 (12 + u3)liy + pa(ir + pa)lyy

+ 2 paliolo [+ By) 7

Hy ~mR*Q + m[Ml(Mz + )y + s + )ty

+2u sl |21+ B)) ®)
where
mg fl moy 1
p=—=——— y=— =
m 1+ fi+ fi/f2 m 1+ fi+ fi/f2
ms Ji/f2
H3=—=

m 1+ fi+ fi/f

m = total system mass = m; + m, + ms.
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Assuming the conservation of angular momentum H, = H/ for
the three-body TSS, we get

g, = |: w1(pr + Ma)lf(z) + u3(pr + Mz)li(z) + 2 uslipls, ]
T L (e + w)tfy + s + 2l + 2 psllyly
x (14 B — 1 (&)
and for the two-body TSS

B = (Io/1o) (1 + ) — 1 (10)

Asper Eqgs. (9) and (10), during tether deployment the system spin
rate decreases, and, thereby, the tether tension reduces and tethers
may slacken. To find an initial spin rate to avoid tether slackening, we
obtain the condition for the system rotational motion by simplifying
the equation of motion for 8; [Egs. (1)], assuming thate =0, 8, = 8,
j=1,2as

1Bl > v/3| cos B (11)

The solution of the equation of motion for f; =B in terms of
elliptical functions considering |B;| > /3 is

B =sin™! {sn[ﬁ{,@, («/g/lﬂ(')l)]} 12)

By the use of Egs. (9—11), the condition of the system steady-spin
motion for the tether deployment phase are obtained as follows: For
a three-body TSS,

By > (1 + «/glcosﬂﬂ)

» |: pi (a4 m3) 5% 4 s (o + u)lsy + 21 sl s, i| -
11 (i 4+ )T + sy + )l + 21 sl

(13)
and for a two-body TSS,

By > (14 ~3lcos1) (1o /1) — 1 (14)

For the tether retrieval, the condition of the system steady-spin
motion is B > /3. In the case of large tether deployment/retrieval,
tether strains may affect the TSS spin rate, and, therefore, instead
of Eq. (10), we consider the relation incorporating tether strains as

By =(/i)a+py—1 (15)

Using Egs. (4) and (15), and carrying out suitable approximations,
we get

[Ny [+ 2P ey

ho s 10

+(15,) (1 + B2 =0 (16)
where
s c+ 1/f1)[l’fo — by +521]
Y CcA+1/f) — pely

pe=(1+Bp)* = 1+3cos’ fy

Solving Eq. (16), we get 1/, and then, on substitution of llf in
Eq. (15), we obtain the final rotational rate ﬂ}.. Next, we substitute
ﬂ}. into Eq. (4) to find the corresponding tether strain. Equations (10)
and (15) are numerically integrated to obtain f.



376

Results and Discussion

To study the performance of the system, the detailed system re-
sponse is numerically simulated by the use of Egs. (1) with initial
conditions of null satellite/tether attitude angles and corresponding
nonzero attitude rates:

C =108, K, =—0.5, K, =03
Fp=2, h=hHh=1 gr=g=1
o = Pio = Yo =0, i=1,2,3
Bio =nj0 =0, Lio =10, Jj=12
Xp=0001,  @l,=y,=0001, i=1,2,3
Bio=By=HB.  m=0001, ly=l, j=1.2
Gj=¢;=0,  0,=0, 0,=0
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The integration is carried out using the International Mathemati-
cal and Statistical Library routine double-precision differentiable-
algebraic system of equations Petzold—Gear (DDASPG) based
on the Petzold-Gear back differentiation formulas (BDF)
method.

We first study the effect of initial spin rate §;, on the system re-
sponse of a two-body TSS moving in a circular orbit (Fig. 2 and
Table 1). Because both of the satellites have similar mass and in-
ertia properties, we show only the response of one of the satellites,
for example, satellite 1. As f is increased from 2 to 20, the system
response shows stable behavior, even for unfavorable mass distribu-
tion parameters in relation to a gravity-gradient configuration, with
the attitude angles | x; |max, |®i lmax> a0d | ¥ |max decreasing from 0.12,
0.019, and 0.068 deg to 0.0016, 0.0027, and 0.0084 deg, respec-
tively. The decrease in the amplitudes of satellite attitude angles
is attributed to an increase in the tether strain from 1.12 x 1073
to 4.52 x 107*. The period of oscillations of all of the attitude an-
gles decreases drastically from 0.686 orbits to 0.005 orbits, which

a)

0.0904

Al 00898

0.0892
0

b)

Fig. 2 Effect of in-plane swing rate 3; on two-body TSS with Al =1; —204: a) 8;=2 and b) 3

0i5 1
Orbits
20.

0 0
x10™
b 008 : \/\/\/vvvvvvvvvvv
;
0 0
0 0.05 0.1 01 1 2 3

Orbits

Orbits

Fig. 3 System response of two-body TSS during tether deployment from 200 to 2000 in 0.25 orbit.
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Table 1 Parameters for Figs. 2-5, for I, = 500 kg - m2, m; =25 kg, 2 =0.0011 rad/s, L = 4.5 m, radial tether offset
(rp) =9 m, and tether rigidity EA =1.4 x 10* N

Figure e ﬁé l‘;o (L‘;.O) l/fo (L;O) Controller gains

2 0 2o0r20 200 200 Mo =Vog =g =Vp = =V =0
(900 m) (900 m)

3 0 280 200 2000 e =0.0025, Ve =2.9, e =0.001, v =1,
(900 m) (9000 m) w =10, v; =0.002

4 0 2 1000 500 e =0.1, ve=1, g =0.05, vy =35, w=v=0
(4500 m) (2250 m)

5 0.05 2 1000 500 e =0.2, Ve =1, e =0.05, vy =35, w=v=0

(4500 m) (2250 m)

1000 T T

Iy s00f

15 T T

4
B, 1or

|
n, 0.01

0
(deg)_().m = 4

0 1 2 3
Orbits

Fig. 4 System response of three-body TSS during tether retrieval from 1000 to 500 in 0.1 orbit.

o> o>

Orbits 8

Fig. 5 System response of two-body TSS in presence of eccentricity during tether retrieval from 1000 to 500 in 0.1 orbit.
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matches analytically with a 8; response as per Eq. (12). The period
of tether oscillations, with reference to Eq. (4), is one-half of the
period of B;. The decrease in the period of tether oscillations leads
to a decrease in the period of the satellite attitude oscillations. The
tether length/offset affects the system response significantly. As
is increased from 2 to 20, the critical tether length and offset de-
crease from 60 (for 7, = 2) and 0.4 (for [,y =200) to 0.8 and 0.004,
respectively.

Next, we study the effect of tether deployment on a two-body
TSS. The system amplitudes become quite high during deployment,
and, therefore, we apply a tether offset control, scheme along with
tension control, as follows:

aij = (— l)i[ua(xlf + Vel Cij= (—I)HI[IJ@({’,{ + v il

ol

by = (=[] —ai — & ],

2 j=1,23 i=jj+1

O =~ = Uy) —wl; —Lo—2lb;.  j=12 (7
where @, and v,, t = «, ¢, [, are derivative and proportional gains.
By application of the control strategy [Eq. (17)], the sys-
tem response becomes stable with steady-state attitude angles
of | Xilmax =2.5 x 1073 deg, |@i|max = 1.5 % 1074 deg, |)/,- [max =
3.5x 1073 deg,i =1, 2, and | |pax =2.2 X 104 deg (Fig. 3). The
period of tether oscillations at the end of deployment is 0.207 orbits.
That corresponds to ﬂ}. =12.735 using Eq. (12), and the simulation
verifies exactly the same value of 8. The tether oscillations cannot
become further reduced because they represent steady-spin motion,
and they induce relative satellite pitch oscillations of the same pe-
riod. During the tether deployment, 8’ decreases from an initial
value of 280 to 2.12 [analytical value 1.65 using Eq. (10) and 2.25
using Eq. (15)] at the end of deployment. Correspondingly, the initial
tether strain 0.0875 also decreases to 8.7 x 10~ [analytical value
6.02 x 107 using Eq. (10) and 9.58 x 10~* using Eq. (15)]. The
upper and lower limits derived on 8 are 272 and 99 [Eq. (10)] and
238 and 100 [Eq. (15)]. By the use of the proposed control scheme,
the system is stable only for such initial 8, where ;‘3’/ > /3| cos By
In the case of tether retrieval of a three-body TSS (Fig. 4), the system
remains stable with 8/ and tether strain ¢; increases progressively
from an initial value of 2 and 1.5 x 10~* to 10.3 [analytical value,
11 using Eq. (15)] and 7.8 x 10~ [analytical value 1 x 103 using
Eq. (3)], respectively, at the end of retrieval. All three satellites have
virtually similar responses because they are of similar mass and in-
ertia properties, and, therefore, only response plots for satellite 1
are shown in Fig. 4. Even in the presence of eccentricity as high
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as 0.05 (Fig. 5), the proposed control scheme results in high sys-
tem performance. For the case of the out-of-plane swing rate n;, if
1, is relatively low compared to f;, the system response remains
unaffected with the n; response bounded.

Conclusions

The dynamics and control of a rotating linear array TSS are
presented. In a stationkeeping phase, a critical spin rate for the
multibody TSS with flexible tethers remains the same as that of a
two-body TSS with a rigid tether. The tether length/offset has a sig-
nificant effect on the TSS response. However, the system remains
stable even with a relatively smaller tether length/offset as com-
pared to the tether length/offset needed for the stable motion of a
nonspinning TSS. During tether deployment/retrieval, the TSS spin
rate changes, and the tether flexibility has a significant effect on it.
The TSS spin rate derived analytically considering tether flexibility
matches more closely with the numerical simulation as compared
to the case of a rigid tether. The tether rigidity C has an effect on
the TSS response, and its critical value is derived. The tether offset
control laws augmented with tether tension control are successful
in controlling satellite attitude, as well as tether oscillation during
tether deployment/retrieval if 8’ > /3| cos B|. Finally, the results
of the numerical simulation establish the feasibility of achieving a
rotating linear array formation for multiple satellites of any desired
aperture size.

References

IDeCou, A. B., “Attitude and Tether Vibration Control in Spinning Teth-
ered Triangles for Orbiting Interferometry,” Journal of the Astronautical
Sciences, Vol. 41, No. 3, 1993, pp. 373-398.

>Tragesser, S. G., “Formation Flying with Tethered Spacecraft” AIAA
Paper 2000-4133, Aug. 2000.

3Williams, T., and Moore, K., “Dynamics of Tethered Satellite For-
mations,” Advances in the Astronautical Sciences, Vol. 112, Pt. 2, 2002,
pp. 1219-1235.

4Quadrelli, M. B., “Modeling and Dynamics Analysis of Tethered For-
mations for Space Interferometry,” Advances in the Astronautical Sciences,
Vol. 108, Pt. 2, 2001, pp. 1259-1278.

SBombardelli, C., Lorenzini, E. C., and Quadrelli, M. B., “Pointing Dy-
namics of Tethered-Controlled Flying for Space Interferometry,” Advances
in the Astronautical Sciences, Vol. 109, Pt. 2, 2001, pp. 1539-1552.

SKumar, K. D., “Line-of-Sight Pointing of Multiple Micro-Satellites in
Non-Equatorial Orbits,” International Astronautical Congress, Paper IAC-
02-M.4.06, Oct. 2002.

D. Spencer
Associate Editor



